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Introduction

We will discuss two broad classes of optimization problems:

- Derivative-free optimization methods (unconstrained)

- Constrained optimization (both derivative-based and
derivative-free)

The heart of constrained optimization is finding ways to break down
the problem into successive unconstrained optimization problems



Resources

Most of this lecture draws from the following sources:

- Ken Judd Course (Lectures 4 and 6)
- Lluis Alseda Notes

- JesUs Fernandez-Villaverde Course
- Shunsuke Tsuda Lecture

- Jason Debacker Course


https://kenjudd.org/teaching/university-of-zurich-2020/
https://kenjudd.org/wp-content/uploads/2020/08/Lecture_4_Unconstrained_optimization.pdf
https://kenjudd.org/wp-content/uploads/2020/08/Lecture_6_Constrained_optimization_theory_and_methods.pdf
https://mat.uab.cat/~alseda/MasterOpt/const_opt.pdf
https://www.sas.upenn.edu/~jesusfv/teaching.html
https://stsuda.github.io/teaching/4_Nonlin&Opti.pdf
https://github.com/jdebacker/CompEcon_Fall19
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Optimization Methods

We will discuss the following numerical optimization methods:

- Derivative-Free Methods
- Grid Search (Brute force)
- Nelder-Mead (Downhill Simplex Method)
- One-Dimensional Methods (used as subroutine)

- Constrained Optimization
- Lagrange Multipliers & KKT Conditions
- Sequential Quadratic Programming (SQP)
- Penalty & Barrier Functions
- Exterior and interior point methods
- Linear Programming (Special Case)
- Constrained Optimization BY Linear Approximation (COBYLA)



Derivative-Free Optimization



Why Derivative-Free Methods?

Derivative-based methods converge fast locally but they need a
derivative. When can this go wrong?

- Derivative is unavailable: discontinuity, kinks, etc.
- Derivative is computationally intensive
- Numerical differentiation for each derivative calculation

Example: Rastrigin function with a kink

f(X,y) = 20 + x> — 10c0s(27X) + y* — 10cos(2my) + |x — v



https://en.wikipedia.org/wiki/Rastrigin_function

Example: Modified Rastrigin Function

The true global minimum is (0, 0), however the kink makes it hard:

import numpy as np
from scipy.optimize import minimize

# Define the objective function
def objective(X):
X,y =X
return 20 + (x%*2 - 10 * np.cos(2 * np.pi * x))
+ (yx%2 - 10 %= np.cos(2 % np.pi = y)) + np.abs(x - y)

# Initial guess

x0 = [0.1, 0.1]

# Call the optimizer (Nelder-Mead)

result_free = minimize(objective, x0, method='Nelder-Mead")
result_deriv = minimize(objective, x0, method='BFGS")

Optimal value of x (derivative-free): -0.0001
Minimum value of the function (derivative-free): 0.0000

Optimal value of x (derivative -based): -0.0019
Minimum value of the function (derivative -based): 0.0015

Nelder-Mead vs. BFGS for Close Initial Guess

Note: This is a hard function - even with Nelder-Mead, the initial point matters a lot!
SLSQP (discussed later) performs quite well.




Example: Modified Rastrigin Function

Nelder-Mead with different starting values

Modified Rastrigin Function Optimization

90
—8— Nelder-Mead from [0.1, 0.1]
4 —o— Nelder-Mead from [3.2, -2.8]
80 —e— Nelder-Mead from [-2.3, 1.8]
—e— Nelder-Mead from [0.5, 4.1]
70 —8— Nelder-Mead from [1.5, 1.5]
—e— Nelder-Mead from [-4.3, -4.2]
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Brute Force: Grid Search

Question: Derivative-based solutions work great locally - how do we
know where do we start?

Idea: Take the most coarse, brute-force search possible to narrow
down the neighborhood: split domain into Cartesian grid and
compute value.

- Then fine-tune with other methods

Pros:

- Places no restrictions on the structure of the function, helpful
for understanding complex (maybe non-analytical) function
- Easy to parallelize, can isolate several good initial guesses
- For minimizing (maximizing) strictly convex (concave) functions,
any local solution is a global solution

Cons:

- Very slow in higher dimensions (i.e. more than two)
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Source: Wikipedia


https://en.wikipedia.org/wiki/Hyperparameter_optimization

Downhill Simplex Method (Nelder-Mead)

A simplex is a geometric object (with flat sides) that has n + 1
vertices in n dimensions (i.e. the simplest possible one).

- Line in R, triangle in R?, tetrahedron in R3, etc.

Nelder-Mead is faster than grid search, and evaluates a simplex of
points each time:

1. Start with a simplex of N + 1 points. Order the points from best
po (smallest) to worst p, (largest).

2. Replace the worst point p,, in order using reflection, expansion,
contraction. If this fails, shrink the simplex towards py.!

3. N new vertices are initialized in the new simplex. Stop when the
decrease in the vector distance moved is smaller than a
threshold.

TCheck out this link for mathematically calculating the exact transformation points.



http://www.scholarpedia.org/article/Nelder-Mead_algorithm

Simplex Transformations

simplex at beginning of step
high low
reflection
0 Nelder-Mead is derivative-free
and can lead to a reduction in
the space of function value to
. eflection and expansion be searched. However, still test

with several starting points!

Source: JesUs Fernandez-Villaverde
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https://www.sas.upenn.edu/~jesusfv/Lecture_NM_2_Optimization.pdf

Nelder-Mead in Action

Source: Wikipedia


https://en.wikipedia.org/wiki/Nelder-Mead_method

One-Dimensional Optimization Methods

One-dimensional optimization is often part of a method'’s subroutine
(e.g. gradient descent)

- Golden Section Search: robust though slow
1. For an interval [a, b], calculate the two points given by the golden
ratio ¢ = 1.618 (mathematically more efficient than bisection):

xx=b—-(b—-a)/$, xx=a+(b—a)/é

2. If f(x1) < f(x2), then set the new interval as [a, x]
If f(x1) > f(x2), then set the new interval as [xi, b]

3. Repeat until the interval is small

- Brent's Method: balances speed and robustness

1. Similar goal of ensuring minimum contained within an interval by
combining three methods:

2. Fit an inverse quadratic curve to a, b, c and find minimum of the
curve

3. If not, use the secant method to update the next point

4. If not, use bisection method to update the next point



Summary of Unconstrained Optimization

- Grid search is the most brute-force optimization method,
however, it is easy to understand

- When available, derivative-based methods are much faster and
will converge to a local minimum (hence importance of starting
point), quasi-Newtonian methods are the default

- For large-scale problems with smooth functions, employ a broad
grid search then quasi-Newtonian method locally

- Nelder-Mead is a direct search method that can be used when

the gradient is unavailable
- Gradient does not exist or computationally expensive to calculate

14



Constrained Optimization




Constrained Optimization

Many constrained optimization methods “transform” the problem
into an unconstrained optimization:

- Langrange Multipliers / KKT Conditions: introduce a new
variable for each constraint to transform into
higher-dimensional unconstrained problem

- Penalty and Barrier Functions: add penalty or barrier term to
the objective function to keep solution away from infeasible set

- Linear Programming: search along the simplex formed by linear
constraints and objective function (derivative-free)



Constrained Optimization Algorithms

Under each method, there are specific numerical implementations:

- Langrange Multipliers / KKT Conditions: Sequential Quadratic
Programming (SQP) is based on quadratic approximation of the
Lagrangian

- Penalty and Barrier Functions:
- Exterior point methods are iterative penalty function methods
approaching the solution from the infeasible region
- Interior point methods are iterative barrier function methods
searching only within the feasible region

- Linear Programming: Constrained Optimization BY Linear

Approximation (COBYLA) is a derivative-free method solving
linear approximations of the problem (based on the simplex)

16



Lagrangians & Equality Constraints

Given objective f(x) : R" — R and equality constraints
g(x) : R" — R™,
min f(x) st g(x)=0

Transform problem into an n + m dimensional unconstrained
optimization by using Lagrange multipliers {\};:

L(x,\) = f(x) + Z Aigi(X)

Taking FOC's, we have a set of n + m equality constraints with n +m
unknowns to satisfy in order to identify critical points:

oL  Of(x) zm:)\ag,-(x) _o 9L _

Ox ox

" ox a9 =0

This is a system of nonlinear equations — use Newtonian methods!

Note this will require calculating the Hessian of the Lagrangian. Quasi-Newton
methods such as BFGS avoid this. K



Lagrangians & Inequality Constraints

What happens when there are inequality constraints h(x) : R” — RF?
mXin f(x) s.t. g(x)=0, h(x) <0

Let {M , be the Lagrange multipliers for the inequality constraints

k
LA, 1) = +Zy@ )+ > whi(x)
j=1

Karush-Kuhn-Tucker conditions:

Of() N, 8gi(X) | = Ohi(x)
OX +§)\' OX +;M’ % =0

9(x) =0, h(x)<0

pj = 0or hj(x) =
Ap>0




Karush-Kuhn-Tucker (KKT) Conditions

Since p; = 0 or hj(x) = 0, this is combined into the complementary
slackness condition:

pihi(x) =0V j={1,..,k}
How do we turn this into an equality-constrained problem? One

possibility is the active set method:

1. Let 7 denote the full set of inequality constraints, assume an
“active” subset A C Z and solve the problem as a set of
nonlinear equations:

hix) =0V jeA pu=0VjeJg-A
2. Check the solution for all constraints, add violated constraints to
the active set, remove slack constraints (i.e. negative Lagrange
multipliers) from the active set
3. Repeat until all constraints are satisfied

This is costly for highly nonlinear expressions and if |Z| is large o



Sequential Quadratic Programming (SQP)

Idea: Iteratively solve a series of quadratic programming problems
which is easier to apply the active set method urtner reading

- A second-order approximation of the objective function
- First-order approximations of the constraints

Let A denote the gradient and HL the Hessian of the Lagrangian. At
each step n, solve for the step size d:

min f(xn) + AfT(xn)d + %dTHﬁ(XH)d
where g(x») + Ag(x,)d =0

and h(xp) + Ah(x,)d <0

Update X411 = X, + d. Multipliers are updated based on the solution.
Note at each step we use the active set and Newtonian methods.

- Using both gradient and Hessian info, along with quadratic
approximation makes convergence near the optimum very fast
- Prone to converging to local minimum - choose xq wisely 20


https://optimization.cbe.cornell.edu/index.php?title=Sequential_quadratic_programming

Penalty Function Method

Idea: Add an extra term that penalizes any constraint violation

A classic is the quadratic penalty function given penalty parameter ~:

. 1 m R
minf(x) + 75 | D_ 9107 + > max{0, hi(x)}?
=1 J=1
How should v be chosen? Note that the original problem = v — oo
Sequential unconstrained minimization technique:

1. Choose an initial point xo that's infeasible and an increasing
sequence {vo, 1, .-}

2. Optimize with penalty functions for violated constraints and ~q
to get solution x;. Use xq as the starting value in the
optimization.

3. Iterate until |[Xp41 — Xa|| < € for some threshold e > 0

This is an exterior point method which searches the infeasible space

until the final solution. Be aware of scaling the constraints! .



Penalty Function Method

Note the steep penalty when c is large (possible ill-conditioned
gradient)

cP(x) A

Source: Lluis Alseda 22


https://mat.uab.cat/~alseda/MasterOpt/const_opt.pdf

Barrier Function

Idea: Opposite to penalty functions, use a barrier function to prevent
solutions from leaving the feasible set

barrier function

minf()+ = @ Z b(h;(x))
penalty parameter J=1

where common barrier functions include:
Logarithmic Barrier: b(h;(x)) = — In(—h;(x))
1

Inverse Barrier: b(h;(x)) = — -

As hj(x) < 0 approaches the boundary from inside, b(h;(x)) — oo

1. Choose an initial starting point x, that's feasible (this is
non-trivial) and a decreasing sequence {wo,wr, ...} Optimize
with Xo and wo-

2. Iterate until |[X,+1 — Xn|| < € for some threshold € > 0.

This is an interior point method. Equality constraints are hard! »



Barrier Function in Actio

In practice, barrier parameter is always positive

Contour Plot with log10(mu) = 2.0

Source: APMonitor.com
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http://apmonitor.com/me575/index.php/Main/InteriorPointMethod

Linear Programming

A special case arises when objective and constraints are all linear
min C'x st. Ax—b=0, x>0
X

The simplex method is derivative-free:

1. Find some initial value xq that is a vertex of the simplex of
constraints

2. Identify which vertex close by reduces the objective function
more, go to the next point x

3. Traverse along the simplex vertices until the objective cannot be
reduced further

There's a finite set of vertices so generally fast, analytically solved via
the tableau method.

25



Linear Programming in Action

k=1.1250

Source
26


https://www.sulayman-mokhtarzada-learn-teach-discovery-innovation.com/post/linear-programming

Simplex Algorithm

Optimal
solution

Starting
vertex

Source: Wikipedia
27


https://en.wikipedia.org/wiki/Simplex_algorithm

Constrained Optimization BY Linear Approximation

Idea: the derivative is unavailable, so linearly approximate the
objective and constraints to solve successive linear problems instead

1. Initialize a starting guess xo and a simplex around the point
(n + 1 points for n dimensions)

2. Calculate the objective and constraints at all simplex vertices,
and construct a linear approximation

3. Solve the linearized problem within the specified trust-region?
to get x; (e.g. using Nelder-Mead)

4. Update the worst-performing simplex vertex with x; if the
performance is better

5. Re-iterate the linear approximations with the new simplex until

solution convergence
2The area around a point where the approximations are trustworthy. The radius is
determined by a ratio between the predicted and actual reduction in f(x).

28



Summary & Implementation




Summary of Constrained Optimization

Derivatives are ubiquitous - including of the constraints since they
are part of Lagrangian. Increases computational complexity.

Method || Pros Cons

SQP Highly effective for smooth | Requires derivatives of the
functions. Handles equality | objective function and con-
and inequality constraints. straints.

Penalty || Converts constrained prob- | Requires careful tuning of
lems into unconstrained ones. | penalty  parameters  (es-
Handles equality and inequal- | pecially when large), and
ity constraints. derivatives.

Barrier Particularly effective for in- | Requiresthe initial pointto be
equality constraints. Main- | feasible, careful tuning, and
tains solution feasiblity. derivatives.

COBYLA || Does not require derivatives, | Convergence may be slower
suitable for noisy functions. | than gradient-based methods
Handles equality and inequal- | and for large-scale problems.
ity constraints.

29



Minimization in Python

scipy.optimize.minimize( ) contains Python's minimizers,
most come with the option of constraints:

- General:
- minimize(method="'Newton-CG")
- minimize(method="L-BFGS-B")
- minimize(method="'Nelder-Mead"')
- Constrained:
- minimize(method="trust-constr')
- Only equality constraints: use SQP with trust-region
- Inequality constraints: use interior point method (i.e. barrier
functions) with trust-region
- minimize(method="'SLSQP") (a type of SQP method)
- minimize(method="COBYLA")

30


https://docs.scipy.org/doc/scipy/reference/generated/scipy.optimize.minimize.html
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