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Introduction

Goal: how do we sample from complex distributions with accurate
coverage while subject to computational resource constraints?

Following resources:

- Ken Judd Course
- JesUs Fernandez-Villaverde Course
- Tommaso Rigon Course

- “Computer Age Statistical Inference” by Efron & Hastie


https://web.archive.org/web/20220116185214/https://kenjudd.org/wp-content/uploads/2020/08/Lecture_14_2_Monte-Carlo-and-Simulation-Methods.pdf
https://web.archive.org/web/20231004130356/https://www.sas.upenn.edu/~jesusfv/teaching.html
https://tommasorigon.github.io/CompStat/
https://web.archive.org/web/20231025052315/https://hastie.su.domains/CASI_files/PDF/casi.pdf
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Basic Random Sampling



Monte Carlo Methods

- ldea: use repeated, random sampling to solve complex
numerical problems that are deterministic in nature

- Developed by physicist Stanislaw Ulam and inspired by the
Monte Carlo Casino where his uncle frequented

- Foundational to generating samples from an underlying
probability distribution

- Basic outline:

1. “Random” numbers are generated deterministically
2. Special distributions transform “random” uniform draws
3. Sampling from complex distributions: acceptance-rejection, MCMC

- numpy . random package is your friend


https://web.archive.org/web/20240422002018/https://numpy.org/doc/stable/reference/random/index.html

Pseudo-Random Number Generator (PRNG)

- Computers draw a “random” numbers via deterministic

sequences starting from a seed X
- Sequences pass statistical tests of unbiasedness and zero serial

correlation

- Classic: linear congruential generator (LCG) for random integers

Xi € {0,1, ..,M}Z
Xi = (axj_1 + b)mod(M +1)

- Random uniform distribution on [0, 1]:

X,faX"—1+b
M1

- Typical default hyperparameters: a = 7°,b = 0,M = 2°" — 1 (for
long cycles)

- Better PRNGs now: Mersenne Twister and PCG family (NumPy

switched from Mersenne Twister to PCG64)



Low Discrepancy Sequences (LDS)

- LDS are quasi-random numbers that are uniformly distributed
- Variance reduction and faster convergence (for low dimensions)

- The numbers are not pseudo-random and would fail statistical
tests due to the uniformity

- Popular examples (rearrange digits in different bases):
- Sobol: use the base two numbers and re-order coordinates in
subsequent dimensions

- Halton: use a different prime number base for each dimension

- Faure: permutations of Halton sequences to provide better
uniformity
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Quasi-Random Sampling
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https://www.researchgate.net/figure/Comparison-of-pseudorandom-regular-Monte-Carlo-sampling-left-versus-quasi-random_fig1_257619914

Inverse Cumulative Distribution Function (CDF)

- Possible to generate random draws from any distribution using
random uniform draws on [0, 1]

- Use numpy.random.uniform() in Python

- For U uniform on [0, 1] and some invertible CDF F, the random
variable X = F~'(U) is distributed according to F

- Example: X ~ exp(\), then F(x; ) =1—e ™ so
F'(u; A) = f@ for u drawn from Uniform|0, 1]

- Requires knowing and computing F~', sometimes not possible
- Analytically complex

- Multivariate distribution



Box-Muller Transform (1958)

- There are special ways to generate random samples from
normal distributions

- If Uy, Uy are independent uniform variables on [0, 1], then X, Y are
independent normal variables distributed A/(0,1):

X = cos(2nUs)(—2[nU,)"?

Y = sin(2wUs)(=2lnU,)"/?

- Idea: joint distribution (X, Y) is circular so Box-Muller converts
polar coordinates to Cartesian coordinates



Multivariate Normal

- Recall a random vector Y = (Y4, ..., Yq) is multivariate normal if
all linear combinations Zj-;a;Y,- are normal

- Possible to generate any multivariate normal Y ~ NV(u, £'%)
from a standard multivariate normal X ~ N(0, /):

Y=p+3X

- ¥ is the Cholesky decomposition of the variance-covariance
matrix
- Y is a lower triangular matrix

- The variance-covariance matrix is symmetric and positive definite

- In Python, this is quite easy with numpy . random.randn()



- Question: How do we generate correlated samples for arbitrary
multivariate distributions?



- Question: How do we generate correlated samples for arbitrary
multivariate distributions?

- A copula is the CDF that specifies the correlation structure
between uniform marginals (recall inverse transform)

- Given RVs X, Y with marginals Fx, Fy and uy, uy, ~ Uniform[0, 1]:

C(ux, Uy) = P(Fx(X) < ux, Fy(Y) < uy)



Bivariate Copulas

For arbitrary (X, Y), possible bivariate copulas:

Gaussian copula t-copula Frank copula
2- 2- 2-
1 1- 1
0 0- 0
1 -1- 1
2 2= 2
2 1 0 1 2 2 1 6 1 2 2 1 0 1 2
MTCJ copula Joe copula Gumbel copula
P
2 27
1-
1 1
0-
0- 0
1 1 1
27 2 2
2 1 0 1 2 2 1 0 1 2 2 1 0 1 2
Source

1


https://web.archive.org/web/20240411190735/https://bochang.me/blog/posts/copula/

Copula Families

- Gaussian copula: good for symmetric and linear dependencies

- t-copula: good for tail dependencies (i.e. extreme events are
correlated)

- Archimedean copulas (specified by a generator function):
- MTCJ/Clayton: good for strong lower-tail dependencies

- Gumbel: good for strong upper-tail dependencies
- Joe: good for even stronger upper-tail dependencies’

- Frank: good for symmetric and non-tail dependencies

TCopulas are used quite often in asset pricing and the financial sector.



Sampling from a Gaussian Copula

- Suppose data (X, Y) have marginal distributions of Lognormal
and Weibull with a Gaussian copula? defined by correlation p

- Steps to sample (X, Y):
1. Generate a pair (zx,z,) from a bivariate normal distribution:

(66 %)

2. Transform (zx, zy) to uniform (ux, uy): ux = ®(zx), uy = d(z)
3. Apply inverse transform method to get sample (x, y):

x=exp{u+ad~ ()}, y=A—log(1—uy))""

4. Repeat draws until desired sample size

2Estimated via MLE or method of moments, see PyCopula.


https://web.archive.org/web/20220930042651/https://pypi.org/project/pycopula/

Sampling from an Archimedean Copula

- Gaussian and t-copulas are commonly used by sampling directly
from the multivariate distribution

- Archimedean copulas use the conditional distribution method

- A generator function ¢ : [0,1] — [0, 00) is continuous, strictly
decreasing, and convex with ¢(1) = 0

- Copula function: C(ur, ..., un) = ¢~ (p(U1) + ... + ¢(Un))
- Idea: sample independent uniforms (uy, v) and calculate uy

based on inverse of copula generator function (see Nelsen
seminar)

uy = ¢ (B(w) — ¢(ux)) where w = ¢/ (¢ (uy) /v)

14


https://web.archive.org/web/20240421015201/https://web.pdx.edu/~fountair/seminar/arch.pdf
https://web.archive.org/web/20240421015201/https://web.pdx.edu/~fountair/seminar/arch.pdf

Copulas in Economics

- Copulas have cropped up in all sorts of economic applications
involving correlated data (apart from finance)

- Examples:
- Econometrics: instrument-free inference using copulas to model
endogeneity (Qian et al., 2024; Yang et al., 2023)

- Public: joint income distributions that are related (Chetty et al.,
2017; Golosov et al., 2014)

- Marketing: unobserved knowledge in manager decision-making
(see Table 1 of Qian et al., 2024)


https://papers.ssrn.com/sol3/papers.cfm?abstract_id=4754776
https://www.nber.org/system/files/working_papers/w29708/w29708.pdf
https://www.science.org/doi/10.1126/science.aal4617
https://www.science.org/doi/10.1126/science.aal4617
https://www.nber.org/system/files/working_papers/w20780/w20780.pdf
https://papers.ssrn.com/sol3/papers.cfm?abstract_id=4754776

Advanced Random Sampling



Accept-Reject Sampling

- Suppose we wish to sample from a target distribution f(x) but
only know how to draw from a source distribution g(x)

- We can use accept-reject sampling if:

1. The support of g(x) covers at least that of f(x)
2. Ratio of f(x) to g(x) is bounded (i.e. g(x) has thicker tails):

fx)

W:G<oo

SUDXESupp(f)

Algorithm steps:

1. Draw u; ~ Uniform[0,1] and x; ~ g(x)

2. Accept x; into sample set if u; < agf‘x)’)

3. Repeat steps until desired number of draws is reached

16



Accept-Reject Sampling

Note: many draws are wasted if source is poor and bound a is hard to
calculate in practice!

Acceptance-Rejection Method
Bounding Function Is max(f)

Density

Accept o0 o1

Source


https://web.archive.org/web/20240228165747/https://blogs.sas.com/content/iml/2023/08/07/envelope-acceptance-rejection.html

Importance Sampling

- An approximation method related to accept-reject sampling
- ldea: instead of wasting rejected draws, weight by Q(X

- Assume the same set-up of accept-reject sampling
Algorithm steps:

1. Draw N samples of {xj} ~ g(x) fori e {1,...,N}
2. Compute weights using likelihood ratio: w; = %
3. Compute the statistic of interest with the appropriate weights:

. ) - 20 wih(x)
Expectation of h(x) over f: W

- Higher-order moments of h(x) over f, numerical integration

Note that ideal g(x) o [f(x)h(x)| can lower estimator variance



Markov Chain Monte Carlo (MCMC)



Bayesian Models

- Suppose now that your data X is drawn from some sampling
distribution f(x|0) (i.e. likelihood function)

- Prior density of 8 is given by m(6)
- Then posterior density of 4 is:

() = 200)

J=(6)f(X19)do

- The denominator is the integration of seeing the data X over all
possible values of § — we cannot rely on analytic solutions

- The posterior mean is also hard to analytically compute:

[ 0n(6)f(X6)d6
E O = oyne) e

19



Markov Chain Monte Carlo (MCMC)

- However, we can still sample from this posterior using Monte
Carlo methods even without a closed analytical form

- ldea: Instead of any source distribution g(x), let's take small
steps for the proposal point

- Establish a proposal distribution that forms a Markov chain that
converges to the target posterior 7(6|X)

- We follow similar principle to accept-reject in order to “walk” to
higher-density areas of the target

20



Bayesian Modeling and MCMC in Economics

Ubiquitous in economics and across fields, for example:

- “An MCMC approach to classical estimation” (Chernozhukov &
Hong, 2003)

- Using quasi-Bayes to deal with weakly-identified GMMs
(Andrews & Mikusheva, 2021)

- Spatial dependence and updating (Hodgson, 2021; LeSage et al.,
2018)

- Estimation of DSGE models (see Fernandez-Villaverde &
Guerron-Quintana (2021) for a review of computational methods)

..and many more (e.g. behavioral, public, 10, finance)

21


https://www-sciencedirect-com.ezp-prod1.hul.harvard.edu/science/article/pii/S0304407603001003
https://www-sciencedirect-com.ezp-prod1.hul.harvard.edu/science/article/pii/S0304407603001003
https://arxiv.org/pdf/2007.04050.pdf
https://bpb-us-w2.wpmucdn.com/campuspress.yale.edu/dist/a/3019/files/2021/10/oil_2021.pdf
https://www.econstor.eu/bitstream/10419/191060/1/1046499394.pdf
https://www.econstor.eu/bitstream/10419/191060/1/1046499394.pdf
https://www.annualreviews.org/content/journals/10.1146/annurev-economics-081020-044812
https://www.annualreviews.org/content/journals/10.1146/annurev-economics-081020-044812

Markov Chains

- A Markov chain is a stochastic model that predicts the
probability of events where future states depend only on the
current state

-+ Markov chains consist of states and transition probabilities
between states

- Under certain conditions, Markov chains converge to a
stationary distribution as the number of steps goes to infinity

- All states are visited, and in finite time but aperiodically
- Goal: Construct a Markov chain where the target posterior is the

stationary distribution, this is called the Metropolis-Hastings
algorithm

22



Metropolis-Hastings (MH) Algorithm

- Sampling from the posterior only requires the numerator since
the denominator is a constant:

Goal: 7(0)f(X|0)

1. Start from some value 6, (it should have positive density on the
posterior distribution)
2. At step k for the current value 6, draw a proposal value
0p = O + € where e ~ N(0,0%)3
21 There are other proposal distributions, e.g. can also draw 6p from
Uniform[f, — S, 6k + 5]
2.2 Parameters o and S govern the step-size, which governs
convergence speed

3. Draw uy ~ Uniform[0, 1] and accept 6p as 4 if

~_ m(6p)f(XI0p)
YIS T 00AX0)

3This is known as Random-Walk MH.

23



MCMC and Bivariate Gaussian

-2

3

Source

ra

=

=7 d

24


https://web.archive.org/web/20240414113459/https://sandipanweb.wordpress.com/2020/12/07/bayesian-machine-learning-mcmc-and-probabilistic-programming-with-python/

Gibbs Sampling

- Gibbs sampling is MCMC method useful for a multidimensional
setting: 0 = (64, ...,0,)

- Requires knowing the full conditional distribution
w(0i]61, ...,0,,X) and how to sample from it

- Special proposal distribution which successively draws
parameter components from conditional:

Start from some vector 6()

sample 8 ~ w(6:]6%, ..., 0. X)

sample 6" ~ (6,6, 6{, ..., 6\ X)

Successively sample 0[”) with updated parameter components

This is one round of Gibbs sampling, repeat for many samples

Gu > W N =

- All proposals are accepted, but if parameters are correlated
convergence can be slow

25



When Does MCMC “Converge”?

- There are no statistical tests to check, but there are proxies:
- Trace plots: time series of sampled parameter over time

- Multiple chains: start with many different starting values (should
converge)

- Chain length: longer chain length to ensure reaching steady-state

- Acceptance ratio: acceptance ratio should be around 0.2 to 0.5

- Acceptance ratios should be lower in higher dimensions
- Large step sizes — low acceptance rates, but small step sizes — slow
convergence. See Rigon slides for further discussion.

- Usual practice is to have an initial “burn-in” sample which is
discarded

26


https://web.archive.org/web/20240420012553/https://tommasorigon.github.io/CompStat/slides/un_B1.pdf

Trace Plot of Multiple Chains
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https://web.archive.org/web/20240414113459/https://sandipanweb.wordpress.com/2020/12/07/bayesian-machine-learning-mcmc-and-probabilistic-programming-with-python/

Trace Plot of Multiple Chains

Smaller step sizes takes the chain longer to converge

75

50

0o

-10.0

o 1000 2000 3000 4000 5000
#5amples Source

28


https://web.archive.org/web/20240414113459/https://sandipanweb.wordpress.com/2020/12/07/bayesian-machine-learning-mcmc-and-probabilistic-programming-with-python/

Metropolis-Hastings using Gradient Information

- For complex targets, random walk MH can converge very slowly

- Idea: what if the proposal distribution uses information about
the posterior shape?

- MALA: proposal distribution error e ~ N (%Alog{w(eﬂx)},azl)
- Note that Alog{n(0k|X)} = Alog{n(6k)} + Alog{f(X|6k)}

- Ascending the gradient to move towards high density areas

- Tradeoff: faster mixing vs. gradient calculation (worth it in high
dimensions)

- Gradient based methods are also more fragile, need to be
pre-conditioned and calibrated

29


https://tommasorigon.github.io/CompStat/slides/un_B2.pdf

Alternative Monte Carlo Methods




Quasi-Monte Carlo

- Instead of using stochastic sequences generated by PRNGs, use
low-discrepancy sequences

- LDS cover the sample space more uniformly — faster
convergence to target

- However, the benefits are limited to certain problems (e.g. high
dimensional up to a point)

- Very complex targets may be challenging for both quasi-MCMC
and traditional MCMC methods

30



Time Dependence: Particle Filtering

- Special case of data dependency: time data
- Particle filtering is based on sequential Monte Carlo methods

- At each time t, assume underlying state x; that evolves via
process (e.g. AR(1)) and gives rise to observation z

- At each step t:
1. Generate sample of “particles” based on prior p(x:|Xt—1, Zt—1)
2. Observe data z: and re-weight particles we o< p(z¢|xt)
3. Resample particles with replacement according to the weights (to
prevent degeneracy)
4. Estimate state of the system from weighted particles and form
P (Xt |Xt, 2t)

31



Particle Filtering in a Nutshell

Obtain an observation z,
for each state estimate x,

Evaluate likelihood that x,
gaverise to z, using
observation model.

t—1
t

p(z,|x,)

Measure: weights are
proportional to the

observation likelihood ,,l lll llllu lu l l ll lul l

Source

p(xlZ)  eee

32


https://web.archive.org/web/20221204075047/https://towardsdatascience.com/particle-filter-a-hero-in-the-world-of-non-linearity-and-non-gaussian-6d8947f4a3dc?gi=f76be9ffdffe

Variational Inference




Why not MCMC?

- MCMC is a sampling method used to approximate a distribution

- This can be computationally expensive and take time to
converge, especially in high dimensional settings, for example:

- Recent VAR models in macro use large datasets (Gefang et al.,
2023)

- Multinomial probit models of choice behavior depend on many
variables (Loaiza-Maya & Nibbering, 2022)

- ldea: What if we directly tried to approximate the posterior
using parametric distributions?

- Now we have an optimization problem!

33


https://www-sciencedirect-com.ezp-prod1.hul.harvard.edu/science/article/pii/S0169207021001862
https://www-sciencedirect-com.ezp-prod1.hul.harvard.edu/science/article/pii/S0169207021001862
https://arxiv.org/pdf/2202.12495.pdf

Variational Inference

- Variational inference is based on finding the best parametric
approximation

- Pros: fast to compute, no sampling chain/convergence required

- Cons: accuracy is dictated by the parameterization

- Ingredients:
- Parametric family of distributions p,, € P with parameters w € Q

- Distance metric between distributions

- Choice of distribution family dictates tradeoff between simple
and biased vs. complex and accurate

- Should be computationally tractable and should not include
posterior

34



Distance between Distributions

- Common metric is Kullback-Leibler (KL) divergence:

KL1p.0,70W) = [ putoyos { Fy a0 =5, Jiog{ g

- Note that KL divergence is not symmetric

- Variational Bayes problem:

wx = argming,eaKL{p.(9), 7(6]X)} ‘

- However, since the integral contains the posterior w(#|X), recall

(0, X)

m(01X) = 00

35



Evidence Lower Bound (ELBO)

- Note that we have:

constant

—_—
KL{pw,(8), m(01X)} = — (Ep,, [log{7 (6, X)}] — Ep, [l0g{p..(6)}]) +log{m(X)}

ELBO

- Equivalent, easier optimization problem:

(0, X)}
= argmax,, «(@)lo ao
Wk = g GQ//D g{ pw( )

- Cannot confirm KL divergence is small due to the log{=(X)}

- Mean-field variational family is common assumption:
independent components

p(6) = Niipi(6)

36



Distribution Family Matters

J\

Family of Gaussian
distributions (F1)
with parameters: 1, o

&

The distribution we want to approximate,
F1and

Source

Family of mixture of two
Gaussian distribution (F2)
with parameters: y,, 0,, 1, 0,

37


https://web.archive.org/web/20240315202049/https://towardsdatascience.com/bayesian-inference-problem-mcmc-and-variational-inference-25a8aa9bce29

multimodal distributions

Method Strengths Limitations

MCMC Efficient  and gold- | Slow convergence; auto-
standard of sampling correlated samples

Quasi-MCMC Reduce estimate vari- | Potential  convergence
ance due to uniform | issues
sampling

MALA Faster convergence in | Requires gradient com-

putation;
size tuning

critical step-

Particle Filtering

Effective in non-
linear/time-dependent
problems

Computationally expen-
sive; suffers from particle
degeneracy

Variational Bayes

Fast and scalable to high
dimensions

May miss true posterior
complexity, family choice
important

38



Python Implementation




Python Implementation of MCMC

- PyMC package is used for Bayesian modeling
- See Patil et al. (2010) for a nice overview of the first version

- Website provides examples of Metropolis-Hastings, variational
inference, sequential Monte Carlo, etc.

- ArviZis a library used for Bayesian model visualization
(together with PyMC)

39


https://web.archive.org/web/20240403141227/https://www.pymc.io/welcome.html
https://www.ncbi.nlm.nih.gov/pmc/articles/PMC3097064/pdf/ukmss-31574.pdf
https://www.pymc.io/projects/examples/en/latest/gallery.html##
https://web.archive.org/web/20240413172648/https://python.arviz.org/en/stable/

PyMC Example

Example from Patil et al. (2010):

- Suppose we have a binomial logit model where the number of
successes Y is based on covariate X:

_expla+ pX)
1+ exp(a + pX)

Y ~ Binomial(n, 6)

- We define priors on («, 8):
a, B ~ N(0,10)

- Given data points (X, Y) and number of trials n, what are the
posteriors of a and 37

40


https://www.ncbi.nlm.nih.gov/pmc/articles/PMC3097064/pdf/ukmss-31574.pdf

PyMC Example Code

import pymc as pm
import numpy as np
import arviz as az

< x 5

ES

Data

5 % np.ones(4, dtype=int)
np.array([-0.86, -0.3, -0.05, 0.73])
np.array ([0, 1, 3, 5])

Model setup

with pm.Model() as model:

# Priors for unknown model parameters
alpha = pm.Normal("alpha’, mu=0, sigma=10)
beta = pm.Normal('beta’, mu=0, sigma=10)

# Expected value (logit link function)
theta = pm.math.invlogit(alpha + beta x x)

# Likelihood (sampling distribution) of observations
d = pm.Binomial('d’, n=n, p=theta, observed=y)

# Posterior distribution and sampling
trace = pm.sample(10000, tune=5000, return_inferencedata=True)

100.00% [15000/15000 00:15<00:00 Sampling chain 0, 0 divergences]
100.00% [15000/15000 00:14<00:00 Sampling chain 1, 0 divergences]

41



Bayesian Visualization with Arviz

# Plotting the results using ArviZ
az.plot_trace(trace)

alpha alpha

-2 -1 0 1 beta2 3 4 5 0 2000 4000 beta 6000 8000

30

20

10

T T T T
0 5 10 15 20 25 30 0 2000 4000 6000 8000
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Resampling Methods




Why Resampling?

- Goal: perform inference on estimators (e.g. standard errors,
confidence intervals) or perform hypothesis tests

- What if the data sample is small?
- What if the data is skewed and non-normal?

- What if we just don't want to impose an analytical distribution on
errors!

- Solution: numerical resampling methods — no distributional
assumptions vs. computational power

- Reweighting of the data
- Parallelization

43



Jackknife & Bootstrap

- Quenouille (1956) and Tukey (1958) introduced the jackknife (i.e.
“leave-one-out” estimator)

- Efron (1979) introduced bootstrap in relation to the jackknife
- Assume data (X, ..., Xy) is sampled iid from population

- Each resample is a weight vector over data points:

WO = (W, ..., Wy) for resamples i = {1, ..., B}

- Jackknife: W = (1,1, ...,0, ..., 1) where W) = 0 for i = {1, ..., N}
- Bootstrap: W ~ Multinomial(N trials, N events) for i = {1, ..., B}

- Bayesian Bootstrap:* W) ~ Dirichlet xN for i = {1, ..., B}
“Introduced by Rubin (1981).

4l



Bayesian Bootstrap E sed by Peter Hull
Peter Hull
0 @instrumenthull

Ok, so | come bearing good news for ~93% of you: esp. those
bootstraping complex models (e.g. w/many FEs)

Instead of resampling, which can be seen as reweighting by a random
integer W that may be zero, you can reweight by a random non-zero non-
integer W

' Peter Hull @instrumenthull - Jan 28, 2022
Question for economists who do empirical work:

When you need to bootstrap your SEs, do you:
Show this poll

11:54 AM - Jan 29, 2022

Source

45


https://x.com/instrumenthull/status/1487469316010389516

Reweighting the Data

- Resampling is Monte Carlo draw of data weights

- Suppose we have sample mean 8 = f(Xy, ..., Xy) = %Z/Nﬂ X

N
i 1 g .
00 = ———=> " W% forallie {1,..., B}
N j T
S S

Resampling Distribution of  : {4, ..., 4®)}
- Dirichlet distribution is parameterized by vector of

concentration parameters: a = (aq, ..., ay)
- Uninformed prior places uniform weight on each data point

a=(1,..,1)
- All data points have non-zero weight which prevents corner cases
- Choosing weights and computing is easily vectorized and much

faster than data sampling
46



Continuous vs. Discrete Weights

Distribution of Bootstrap Weights

e====_Dirichlet Weights
B Multinomial Weights

4 5 6 7

Source


https://medium.com/p/6ca4a1d45148

Block Bootstrap & Parallelization

- Bootstrapping is based on data samples being independent
- Each resample can be computed in parallel

- Greatly increases the efficiency of resampling inference

- Same principle applies to bootstrapping on dependent data:

- If X = (X3, ..., Xn) is time-dependent, choose block size M and split
the data into

15 = 00 oo ) (0 cocr Sy o sty e T

- Resample blocks of data and arrange them to construct a
bootstrap sample

- Ensure data points further than M have negligible dependence

48



Moving Block Bootstrap

Block 1 [R [ R [Rs R [ Ry [ Re | o [RuoRuco RM ]
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https://web.archive.org/web/20220315223906/https://blogs.sas.com/content/iml/files/2021/01/movingBoot1.png
https://www.researchgate.net/figure/A-schematic-diagram-of-the-moving-blocks-bootstrap-for-time-series-data-The-black-dots_fig2_242077754

Permutation Tests

- Used for hypothesis testing of outcomes in two or more groups

- Under null hypothesis Ho, data is exchangeable (i.e. treatment
has no effect)

- Permute data labels and calculate estimators — from null
distribution
- lLarge datasets — too many permutations — Monte Carlo sample
of possible permutations

- Permuting and test statistic calculation are parallelizable

- numpy.random.shuffle() shuffles array in place
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